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Perturbation theory for quasi-energy (Floquet) solutions in the low frequency regime
of the oscillating electric field
Hanna Martiskainen1 and Nimrod Moiseyev1, 2
1Physics Department,Technion - Israel Institute of Technology, Haifa 32000 Israel
2Schulich Faculty of Chemistry,Technion - Israel Institute of Technology, Haifa 32000 Israel
For a simple illustrative model Hamiltonian for Xenon in low frequency linearly polarized laser
field we obtain a remarkable agreement between the zero-order energy as well as amplitude and
phase of the zero-order Floquet states and the exact eigenvalues and eigenfunctions of the Floquet
operator. Here we use as a zero-order Hamiltonian the adiabatic Hamiltonian where time is used
as an instantaneous parameter. Moreover, for a variety of low laser frequencies, ω, the deviation
of the zero-order solutions from the exact quasi-energy (QE) Floquet solutions approaches zero at
the time the oscillating laser field is maximal. This remarkable result gives a further justification
to the validity of the first step in the simple man model. It should be stressed that the numerical
calculations of the exact QE (Floquet) solutions become extremely difficult when ω approaches zero
and many Floquet channels are nested together and are coupled by the laser field. This is the main
motivation for the development of perturbation theory for QE (Floquet) solutions when the laser
frequency is small, to avoid the need to represent the Floquet operator by a matrix when the Fourier
functions are used as a basis set. A way to calculate the radius of convergence of the perturbational
expansion of the Floquet solutions in ω is given.
PACS numbers: 32.80.Fb,42.65.Ky
MOTIVATION
The adiabatic approximation as it appears in the
three-step model
In 1993 Corkum[1] and Kulander, Schafer and
Krause[2] showed that the three-step model (TSM) pro-
vides a classical interpretation of the high harmonic gen-
eration from atoms in strong laser fields without the
need to solve numerically the time dependent Schro¨dinger
equation (TDSE). This approach is known also as the
simple man’s theory. In 1994 Lewenstein, Balcou, Ivanov,
L’Huillier and Corkum generalized the TSM to describe
the interaction of arbitrary one-electron potentials with
laser fields of arbitrary ellipticity and spectrum[3]. This
is, provided that the laser frequency is sufficiently low to
insure that the Keldysh parameter is small enough[3].
In 2006 Santra and Gordon[4], and Gordon, Ka¨rtner,
Rohringer, and Santra[5] generalized the TSM to atomic
and molecular many-electron systems.
According to the TSM, in the first step an electron is
excited to the continuum with no kinetic energy. This
happens via tunneling through a potential barrier ob-
tained when time is considered as an instantaneous pa-
rameter. In the second step, the subsequent motion is
governed classically by an oscillating electric field. In the
third step, the electron returns to recombine with the
parent nucleus. During this recombination process high
order harmonics are emitted.
The first step in the TSM is an essential assumption
in the derivation of this powerful and useful semiclassi-
cal approach. For this reason we focus here on the con-
ditions under which the electron tunnels into the con-
tinuum through the adiabatic potential barrier. When
these conditions are not met, the TSM is not applicable.
We wish to find out how well the zero-order solutions
describe the amplitudes and the phases of the exact Flo-
quet (quasi-energy) solutions. Particularly, we look for a
formal justification of the successful applicability of the
first step in the TSM, where the electron in assumed to
tunnel through the adiabatic potential barrier near the
peak of the laser field.
On the validity of the adiabatic approximation and
on the possibility to extend it to high frequency
regime
Within the adiabatic approximation time is treated as
an instantaneous parameter. The adiabatic hypothesis is
based on a comparison between the (estimated) tunneling
time with the period of the laser field. For sufficiently low
laser frequencies, the tunneling time is smaller than the
periodic time of the oscillating electric field, T = 2pi/ω.
The question we address ourselves in this paper is how
can one extend this approach to higher laser frequencies.
For sufficiently long laser pulses, the photoinduced dy-
namics can be described by the Floquet solutions which
are eigenstates of the Floquet operator Hˆad(t) − i~∂t.
It is natural to apply perturbation theory where Hˆad(t)
is the zero-order Hamiltonian and −i~∂t is taken as a
perturbation. By making a simple transformation to di-
mensionless time units τ = ωt, ω is obtained as the per-
turbational strength parameter.
In order to keep the adiabatic functions and energies
as the leading dominant terms in the perturbation ex-
pansion of the Floquet eigenstates and eigenvalues, ω
2has to be a small parameter. For large values of ω,
one should calculate the high-order terms in perturba-
tion theory. Calculating the metastable photoionization
states (so called resonances) using out going boundary
conditions (as used by Gamow to calculate the tunneling
decay rates for radioactive reactions), enables one to use
the standard time-independent perturbation theory, as
we will explain later.
The question is how far can we go with this approach?
How large can ω be so that one can still calculate the
Floquet resonances by using perturbation theory? A
perturbational approach, as we suggest here, is appli-
cable when the perturbation series expansion converges.
The method we use for calculating the radius of conver-
gence avoids the need to calculate the high order terms in
the perturbation series expansion of the eigenstates and
eigenvalues of the Floquet operator. Even when the ra-
dius of convergence is zero, it might be possible to have
an asymptotic expansion where the deviation of the par-
tial sum of the terms from the exact solution is small,
but at some point the error starts to increase. For ex-
ample, the energy levels of atoms in a dc-field (known
as the Stark effect) and the corresponding tunneling de-
cay rates (inverse lifetimes) can be estimated from the
perturbational corrections up to second order (where the
field-free Hamiltonian is the zero-order Hamiltonian) for
any value of the static field strength parameter. The
radius of convergence in this case is zero.
As we will show here, the radius of convergence of the
perturbation series expansion of the quasi-energies is fi-
nite and non-zero provided the expansion point is not a
singularity. We will show that as the laser intensity de-
creases, the perturbation theory converges to the exact
Floquet eigenstates and eigenvalues (which provide the
photoionization lifetimes) for increasing laser frequencies,
which serve as the perturbational strength parameter.
Our approach provides guide lines for future studies of
the dynamics of high frequency strong lasers, based on
perturbation theory where the adiabatic Hamiltonian, as
it is used in the first step of the TSM, serves as the zero-
order Hamiltonian of the perturbation expansion.
PERTURBATION SERIES EXPANSION OF THE
QUASI-ENERGY (QE) SOLUTIONS
Here we use the perturbation approach as first pre-
sented by Pont and his co-workers in Ref.[6]. The zero-
order Hamiltonian is defined as
Hˆ(0)(x, τ) ≡ Hˆ(τ) = Hˆff + ε0dˆ sin(τ) = Hˆ
(0)(x, τ + 2pi).
(1)
The perturbation operator is
Hˆ(1)(x, τ) = Hˆ(1)(x, τ + 2pi) ≡ −i~
∂
∂τ
, (2)
and the perturbation strength parameter is ω. The exact
Floquet operator is given by
HˆFloquet = Hˆ
(0)(x, τ) + ωHˆ(1)(x, τ) (3)
We should re-emphasize that from now on we consider
τ and ω to be two independent variables/parameters in
spite that in the original Hamiltonian τ = tω. Conse-
quently, when the perturbation parameter, ω, is set to
zero then the zero-order Hamiltonian becomes the exact
one.
The perturbation series expansion of the QEs is given
by
EQEα = E
QE(0)
α + ωE
QE(1)
α + ω
2EQE(2)α + ... (4)
As it was proved in Ref[6] the odd-order correction
terms vanish. A simple explanation based on symmetry
arguments is given below. Complex absorbing bound-
ary conditions are imposed on the solutions of the time
dependent Schro¨dinger equation and on the Floquet solu-
tions (within and without the framework of perturbation
theory) such that the field-free bound states turn into
metastable states (resonances). The photo-ionization de-
cay rates are associated with the imaginary part of the
complex QE eigenvalues.
ZERO-ORDER QE SOLUTIONS
The zero-order Hamiltonian is the adiabatic Hamil-
tonian defined in Eq.1. That is, Hˆ(τ) = Hˆ(0)(τ) =
Hˆ(0)(τ + 2pi). The τ -periodic eigenvalues and the eigen-
functions of the zero-order Hamiltonian are given respec-
tively by
E(0)α (τ) = E
(0)
α (τ + 2pi) (5)
φ(0)α (x, τ) = φ
(0)
α (x, τ + 2pi) . (6)
We analytically continue x to the complex plane x =
x′exp(iθ) and therefore the zero-order eigenvalues are
complex functions of τ . We might use only the resonance
solutions in the construction of the zero-order Floquet so-
lutions. We order the complex zero-order eigenvalues by
the overlapping integral of the corresponding eigenfunc-
tions with the field-free bound states. For example, α = 1
denotes the resonance solution which is associated with
the ground state of the field-free Hamiltonian. As the
field is turned on, the field-free ground state becomes a
metastable (resonance) state. See Ref.[7] for a summary
of the time-independent perturbation theory and Ref.[8]
for its extension to the complex scaled Hamiltonians and
in Ref.[9] for the use of time-independent propagation for
time dependent Hamiltonian.
We use here the c-product such that
(φ
(0)
α′ (τ)|φ
(0)
α (τ)) ≡ 〈[φ
(0)
α′ (τ)]
∗|φ(0)α (τ)〉 = δα′,α . (7)
3Here we come to a delicate point in the perturbation
derivation of the Floquet solutions. The zero-order
quasi-energies are not E
(0)
α (τ), but as usual in time-
independent perturbation theory we should calculate ex-
pectation values by integrating over all independent vari-
ables of the full Hamiltonian (x and τ in our case). There-
fore,
EQE(0)α =
1
2pi
∫ 2pi
0
dτ
∫ +∞
−∞
dx(φ(0)α (x, τ)|Hˆ
(0)|φ(0)α (x, τ))
=
1
2pi
∫ 2pi
0
dτE(0)α (τ) . (8)
In Fig. 1 we show for a 1D model Hamiltonian, that
the exact QE eigenvalues approach the value obtained
by the zero-order calculations of E
QE(0)
α=1 as the laser
frequency is reduced. Moreover, numerical fitting
shows that the QEs are linearly proportional to ω4 and
therefore the leading terms are the zero and the forth
order perturbational terms. To show that the exact
quasi-energy periodic eigenfunctions of the Floquet op-
erator are well described by the zero-order QE solutions
for sufficiently low laser frequencies, we calculated the
overlap between the zero-order QE functions and the
exact QE(Floquet) solutions. Our calculations show
that the overlapping integral between the zero-order
QE functions with the exact QE(Floquet) solutions
of the 1D model Hamiltonian is very close to unity
for a variety of laser frequencies. Larger overlap is
obtained as the laser frequency is reduced. In Fig. 2 we
present the deviation of the amplitudes of the zero-order
QE (Floquet) functions from the exact QE functions
as function of τ (the dimensionless time variable) for
different values of the laser frequency ω. As one can
see the error is less than 10−3, (0.1%), for the large
frequency and it is reduced as ω is reduced. In Fig. 3
we represent the deviation of the phases of the adiabatic
solutions from the exact QE eigenfunction of the Floquet
operator. As before, the deviation between the exact
and the adiabatic solution is small and oscillates due to
the oscillations of the laser field. Our results presented
in Figs.2-3 support the first step in the TSM [1]-[3]. It
is remarkable indeed that for quite large values of the
laser frequencies, the zero-order wavefunctions describe
so well the exact Floquet solutions at the time the laser
field gets its maximal amplitude.
In order to minimize the deviation of the phase of the
QE solutions obtained by the zero-order perturbation
theory from the exact values, we multiply the eigenfunc-
tions of the zero-order (adiabatic) Hamiltonian φ
(0)
α (x, τ)
by a factor, eifω(τ), where fω(τ) is real and it is given by
fω(τ) =
1
2piω
∫ τ
0
dτ ′Re[E(0)α (τ
′)− EQE(0)α ] . (9)
The solutions that include the phase factor above are
defined as
φ˜(0)α (x, τ) = e
+ifω(t)φ(0)α (x, τ) . (10)
In Fig. 3 we show how by introducing the phase factor
fω(τ) the deviation of the phases of the modified adia-
batic solutions from the exact values is reduced by several
orders of magnitude and becomes almost ω- independent
(on this scale). In Fig. 4 we zoom on the results obtained
when the adiabatic solutions are multiplied by the phase
factor exp(ifω(τ)). As one can see that on large scale the
deviation of the phase of the modified functions from the
exact value increases as ω is increased although on the
scale of Fig.3 they seem to be ω independent. In a way,
the fact that the contribution of high order terms to the
power series expansion of the QE eigenvalues is reduced
as ω is reduced reminds the increasing of the applicability
of the semiclassical theory as ~ is reduced. It is impor-
tant to notice that the phase factor as we defined here
is different from the exponential complex phase factor
exp(i
∫ τ
0
E
(0)
α (τ ′)dτ ′/(~ω)), that was defined in the per-
turbation theory presented in Ref.[6].
When the zero-order wavefunctions describe so well the
exact Floquet (QE) solutions, one might expect a non-
zero radius of convergence. Note that this situation
is very different from the standard perturbation theory
where the zero-order Hamiltonian is the field-free Hamil-
tonian and the interaction with the field is taken as a
perturbation. This is the well known Stark approach
where the intensity of the laser is taken as the pertur-
bation strength parameter (and not the frequency as we
do) and the radius of convergence is zero.
The zero-order solutions were calculated for a 1D effec-
tive model potential V(x), which crudely mimics a Xenon
atom, and is given by
V (x) = −V0exp(−ax
2) (11)
where V0 = 0.63 and a = 0.1424.
This potential has two bound states, with energies ε1 =
−0.4451a.u. and ε2 = −0.1400a.u.. This model has been
used before for calculating the HHG spectra of Xenon[12].
The atom interacts with a linearly polarized laser field
ε0xsin(ωt). Using the adiabatic approximation, time is
used as an instantaneous parameter defined by τ = ωt.
In Fig.5 we show how the potential varies with τ . For
τ 6= 0 the bound states of the field-free Hamiltonian
turn into resonance states. We used the complex scaling
transformation[9], i.e. z = x exp(iθ), to impose outgoing
boundary conditions.
ODD-ORDER QE’S
The first-order correction term to the perturbation se-
ries expansion of the QE (Floquet) energy is defined, as
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FIG. 1: The exact quasi-energies (QE) approach the zero-
order QE (defined in Eq.8) as the laser frequency is reduced.
The calculations were carried for a 1D model Hamiltonian
which mimics crudely a Xenon atom in linearly polarized laser
field with laser field amplitude ε0 = 0.015 a.u. which is 7.89 ·
1012W/cm2 . Note that the first order derivative of the exact
QE with respect to ω in our numerical fitting is equal to
−2.4 10−6 in harmony with our proof that E
QE(1)
α = 0 (see
Eq.13).
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FIG. 2: The deviations from unity of the absolute value of the
overlap integrals between the zero-order wavefunctions and
the Floquet (QE) solutions which are associated with the field
free ground state, (1-S), where S = |〈ΦQE
(0)
(τ )|ΦQE(τ )〉|2.
The calculations were carried for ε0 = 0.015 a.u. which is
7.89 · 1012W/cm2. As the frequency is reduced, the deviation
of the amplitude of the zero-order QE solutions from the exact
Floquet solutions is reduced. The minimal deviation from
the exact QE solutions is obtained when the amplitude of the
oscillating laser field reaches its maximal value. This result
strongly supports the first step in the three-step model[1]-[3].
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FIG. 3: The phases of the overlap integrals between the zero-
order wavefunctions, φ
(0)
α (x, τ ), and the Floquet (QE) solu-
tions which are associated with the field free ground state.
We show here that the deviations of phase of the zero-order
solutions from the exact values are reduced by several orders
of magnitude when we multiply the adiabatic solutions by a
time dependent phase factor (a zoom up is shown in Fig.4).
It is a point of interest that the minimal (almost zero) phase
deviation from the exact QE solutions is obtained when the
amplitude of the oscillating laser field is zero or maximal.
usual, as the expectation value of the perturbation using
the zero-order functions. That is,
EQE(1)α = 〈〈φ
(0)
α |Hˆ
(1)|φ(0)α 〉〉xτ
=
1
2pi
∫ 2pi
0
dτ
∫ +∞
−∞
dxφ(0)α (x, τ)Hˆ
(1)φ(0)α (x, τ)
= −
1
2pi
∫ 2pi
0
dτ
1
2
(i~
∂
∂τ
)
∫ +∞
−∞
dxφ(0)α (x, τ)φ
(0)
α (x, τ)
= −i~
1
4pi
∫ 2pi
0
dτ
∂
∂τ
1 = 0 . (12)
Our proof that[
∂E
QE(exact)
α
∂ω
]
ω=0
= EQE(1)α = 0 (13)
has been confirmed in our numerical calculations pre-
sented in Fig. 1.
Based on same symmetry type arguments we reach the
conclusions that all odd-order correction terms to the
perturbational expansion of the quasi-energies are equal
to zero since
EQE(2n+1)α = 〈〈φ
(2n)
α |Hˆ
(1)|φ(2n)α 〉〉xτ
=
1
2pi
∫ 2pi
0
dτ
∫ +∞
−∞
dxφ(2n)α (x, τ)Hˆ
(1)φ(2n)α (x, τ)
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FIG. 4: The phases of the overlap integrals between the mod-
ified zero-order wavefunctions, φ˜
(0)
α (x, τ ) as defined in Eq.10,
and the Floquet (QE) solutions which are associated with the
field free ground state. The phase of the overlap between the
modified zero-order QE solutions and the exact Floquet solu-
tions is reduced by several orders of magnitude in comparison
to the results presented in Fig.3.
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FIG. 5: The potential for a model Xenon atom repre-
sented by one dimensional Gaussian potential V (x) =
−0.63 exp
(
−0.1424x2
)
which interacts with a static-like po-
tential induced by the linearly polarized field ε0xsin(τ ). In
this figure ε0 = 0.035. The potential is displayed for different
values of τ .
= −
1
2pi
∫ 2pi
0
dτ
1
2
(i~
∂
∂τ
)
∫ +∞
−∞
dxφ(2n)α (x, τ)φ
(2n)
α (x, τ)
= −i~
1
4pi
∫ 2pi
0
dτ
∂
∂τ
1 = 0 . (14)
These results are in a complete agreement with the
proof given by Pont and his co-workers[6] that the odd-
terms in the Taylor series expansion of the exact quasi-
energies in tω vanish.
RADIUS OF CONVERGENCE
For the association of radius of convergence of pertur-
bation series expansion in a ”small” parameter, λ, see
Ref.[11]. When the zero-order Hamiltonian and the per-
turbation commute, there is no branch point in the spec-
trum of Hˆ(λ) = Hˆ(0) + λHˆ(1) and the eigenvalues and
eigenfunctions of Hˆ(λ) are analytical functions of λ. Con-
sequently, perturbation theory converges for any value of
λ. In our case, λ is the perturbation strength parameter
ω analytically continued to the complex regime. ω, the
physical laser frequency, gets only positive real values.
However, when Hˆ(0) and Hˆ(1) do not commute,[
Hˆ(0), Hˆ(1)
]
6= 0 , (15)
the perturbation expansion EQEα = E
QE(0)
α + ωE
QE(1)
α +
ω2E
QE(2)
α + ... converges if and only if
ω < |λbp| , (16)
where λbp is the branch point closest to the origin, pro-
vided there is no singularity at ω = 0. That is,
λbp = |λbp|e
iγbp , (17)
for which the two eigenfunctions which have a dominant
overlapping integral with the zero-order solution of in-
terest (α = 1 for example), coalesce. In such a case, the
exact QE solution is an analytical function of the com-
plex λ for any point which inside a circle with radius
|λbp|. See for example Refs.[8],[10] and references therein
and Ref.[9]. Let us add a technical explanation how the
branch point can be calculated. When the branch point
results from the coalescence of two QE solutions, the dif-
ference between the values of two almost degenerate QE
eigenvalues of the Floquet operator (as defined in Eq.3)
is given by
∆Eexactα,α′ (ω) = a
√
(ω − λbp)(ω − λ∗bp) (18)
for laser frequencies sufficiently close to |λbp|. a is a com-
plex prefactor. The complex parameters a and λbp can
be computed from the high order terms in the perturba-
tional series expansion in ω (for a given value of the max-
imum field amplitude). However, this procedure is quite
complicated (but doable) as described in Refs.[8],[10] and
in Ref.[9] on pages 331-333 (see also 235-237) and in the
solution to Ex. 9.4. Here we present a new approach for
the calculation of the branch point which determines the
radius of convergence, based on the zero-order solutions
which are easier to calculate than the exact QE solutions.
In particular, it is hard to calculate the QE solutions for
low laser frequencies. In the low frequency regime many
Floquet channels are closely nested together and even a
weak laser field couples them one to another such that
6the dimensions of the Floquet matrix required to get con-
verged results become extremely large. Moreover, as it
was shown in Appendix B in Ref.[6], the eigenvectors of
the Floquet matrix as obtained when the periodic solu-
tions are expanded in a Fourier basis functions do not
have a well defined limit as ω → 0. In other words, the
radius of convergence of perturbation theory is zero when
Fourier functions are used as a basis set. In this case the
Floquet Hamiltonian is given by:
HF = H
(0)
F + ~ωH
(1)
F (19)
where the Fourier matrix elements of the zero-order
Hamiltonian and the perturbation are given by,
[H
(0)
F ]n′,n = Hˆffδn′,n +
1
2
ε0dˆδn′,n±1
[H
(1)
F ]n′,n = nδn′,n (20)
where n, n′ = 0,±1,±2, ...
Note that the resonance solutions are obtained by im-
posing outgoing boundary conditions or by using one of
the complex scaling transformations for which square in-
tegrable resonance solutions and rotating continuum are
obtained. As mentioned above in Ref.[6] it was shown
that as ω → 0 the eigenvectors of HF (Eq. B1 in Ref.[6])
do not have a well defined limit. For this reason we de-
veloped a new approach for calculating the branch point
(so called exceptional point) which determines the ra-
dius of convergence of the perturbation theory presented
in this paper, without expanding the time periodic so-
lutions in a Fourier basis. The fact that indeed in our
numerical calculations the phase of the Floquet solutions
is obtained very accurately by the zero-order solutions for
sufficiently small values of ω, is an indication that there
is no branch point at ω = 0 when the phase corrections
to the zero-order solutions are taken as described above
(see Figs.3-4).
Calculation of the radius of convergence by
diagonalizing the non-adiabatic time-dependent
potential matrix
The effective Hamiltonian, where the non-adiabatic
couplings are taken into consideration, is given by a 2x2
matrix for the 2 level model Hamiltonian:
Heff (ω, ε0, τ) =
(
H11(ε0, τ) ωH12(ε0, τ)
ωH21(ε0, τ) H22(ε0, τ)
)
(21)
where:
H11(ε0, τ) = E
ad
1 (ε0, τ)
H12(ε0, τ) = i
ε0 cos(τ)
Ead2 (ε0, τ)− E
ad
1 (ε0, τ)
〈(Ψad1 )
∗|z|Ψad2 〉
H21(ε0, τ) = −H12
H22(ε0, τ) = E
ad
2 (ε0, τ) (22)
As previously discussed, the radius of convergence of
the perturbation series expansion in ω for a given set of
parameters (ε0, τ) is obtained by replacing ω in Eq.21 by
a complex λ. We found λ = λBP for which the spectrum
of Heff (ω, ε0, τ) is degenerate. This value is obtained
when the discriminant of the second order polynomial of
the eigenvalue solutions of Heff (ω, ε0, τ) vanishes. That
is, a branch point in the spectrum of the full Hamiltonian,
Heff (ω, ε0, τ), is obtained for
λBP (ε0, τ) = −
(Ead2 (ε0, τ) − E
ad
1 (ε0, τ))
2
2ε0 cos(τ)〈(Ψad1 (ε0, τ))
∗|z|Ψad2 (ε0, τ)〉
(23)
By calculating the complex λBP (ε0, τ) for a given value
of ε0 as function of τ we obtained the value of the radius
of convergence for the laser frequency ωr.c.(ε0):
ωr.c.(ε0) ≡Min |λBP (ε0, τ)|τ=τ0 . (24)
Note that in the equation above Min |λBP (ε0, τ)| is
the global minimum in the variation of |λBP (ε0, τ)| as a
function of τ (See Fig. 6).
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FIG. 6: The absolute value of the complex ”frequency” at
which a branch point is obtained in the spectrum of the
time dependent Hamiltonian matrix, |λBP (ε0, τ )| as defined
in Eq.23, is plotted as function of sin τ for different values of
the field amplitude, ε0. ”L” and ”G” respectively denote the
local and the global minima of |λBP (ε0, τ )|. The global min-
imum ”G” provides the radius of convergence for the laser
frequency which is used as the perturbational strength pa-
rameter.
For a given value of the field amplitude, ε0, the radius
of convergence in perturbational expansion in ω, which
holds for any 0 ≤ τ ≤ 2pi, is given by
|ω| < ωr.c.(ε0) (25)
In Fig. 6 we show that the upper limit of the laser fre-
quency for which perturbation theory can possibly con-
verge is reduced as the field amplitude is increased.
7CONCLUDING REMARKS
In this work we have studied the application of pertur-
bation theory for calculating the quasi-energy (Floquet)
solutions, where in the zero-order Hamiltonian time is
treated as an instantaneous parameter rather than a dy-
namical variable. Our results for a time periodic model
Hamiltonian (which mimics the interaction of Xenon
atom with a linearly polarized laser field) show that the
overlapping integral (amplitude and phase) of the zero-
order solutions with the exact Floquet solutions is re-
markable for a quite large range of the laser frequencies.
We have shown that the deviation of the zero-order solu-
tions from the exact Floquet solutions is smallest when
the oscillating laser field gets its maximal value. This
result strongly supports the first step in the TSM, as
described in Refs.[1]-[3].
The radius of convergence is associated with a non-
Hermitian degeneracy (a branch point) in the spectrum
of the dressed-atom Hamiltonian. These branch points
are very different in their nature from the physical branch
points which are associated with exceptional points in the
spectrum of the Floquet operator of time periodic Hamil-
tonian systems, since they are obtained as the laser fre-
quency is analytically continued into the complex plane.
Here we show how for a given laser intensity the range of
laser frequencies for which the perturbation theory con-
verges, can be calculated. As the laser field intensity is
increased, the laser frequency for which the perturbation
theory converges is reduced. These results agree with the
expectations based on physical intuition. Yet, perturba-
tion theory provides a rigorous method for improving the
results obtained on the basis of the adiabatic hypothesis.
In particular, it may be useful for laser frequencies which
are high enough to question the validity of the adiabatic
hypothesis and for going beyond the one electron model
simulations and solving the full body problem, where the
electronic correlation effects are taken into consideration.
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